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ON THE EXTENSIONS OF A DISCRETE VALUATION IN A NUMBER
FIELD
ABDULAZIZ DEAJIM AND LHOUSSAIN EL FADIL
Abstract. Let K be a number field defined by a monic irreducible polynomial
F (X) ∈ Z[X ], p a fixed rational prime, and νp the discrete valuation associated to p.
Assume that F (X) factors modulo p into the product of powers of r distinct monic irre-
ducible polynomials. We present in this paper a condition, weaker than the known ones,
which guarantees the existence of exactly r valuations of K extending νp. We further specify
the ramification indices and residue degrees of these extended valuations in such a way that
generalizes the known estimates. Some useful remarks and computational examples are also
given to highlight some improvements due to our result.
1. Introduction
Let K be a number field, ZK its ring of integers, α ∈ ZK a primitive element of K,
ind(α) = [ZK : Z[α]] (the index of Z[α] in ZK), and F (X) ∈ Z[X ] the minimal polynomial
of α over Q. One of the most important problems in algebraic number theory is determining
the prime ideal factorization in ZK of a rational prime p. Due to a well-known Theorem of
Hensel [2], this problem is directly related to the factorization of F (X) in Qp[X ], which in
turn is related to the extensions of νp to K (see Lemma 3.1).
If p does not divide the index ind(α), then a theorem of Kummer (see [3, Theorem
7.4]) indicates that the factorization of pZK can be derived directly from the decompo-
sition of F (X) modulo p; namely, if F (X) =
∏r
i=1 φi(X)
li is the factorization of F (X)
into the product of powers of distinct monic irreducible polynomials φi(X) modulo p, then
pZK =
∏r
i=1 p
li
i , where pi = (p, φi(α)) with ramification index e(pi/p) = li and residue degree
f(pi/p) = deg(φi). So, in particular, there are exactly r valuations of K extending νp (by
Hensel’s Theorem and Lemma 3.1).
In 1878, R. Dedekind [1] gave a criterion that tests when p does, or does not, divide
ind(α). In [4], S. Khanduja and M. Kumar (K-K) proved that the condition ”p does not
divide ind(α)” is necessary for the existence of exactly r distinct prime ideals of ZK lying
above p (and, thus, the existence of exactly r distinct valuations of K extending νp) with
generators, ramification indices, and residue degrees all as above. They went on in [5] to
ask whether it is possible to find a weaker condition that guarantees the existence of exactly
r valuations of K extending νp with ramification indices and residue degrees all as above.
In the same paper [5, Theorem 1.1], they successfully gave a weaker sufficient condition, a
result which we state in Section 2.
The main goal of this paper is to give an improvement of [5, Theorem 1.1] (in the context of
number fields) in the form of our main result: Theorem 2.1. In Section 2, we introduce some
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2 ABDULAZIZ DEAJIM AND LHOUSSAIN EL FADIL
concepts and notations relevant to the work. Using these notations and terminologies, we
also give an equivalent version of K-K’s result followed by a statement of our main theorem.
In Section 3, we present some lemmas, some of which are interesting in their own, to help
in proving the main theorem. In Section 4, we tackle the proof of the main theorem. We
follow that with some quite useful remarks in Subsection 5.1. In Subsection 5.2, we give
some examples to shed some light on the improvements caused by our results and their
consequences.
2. Notations and Main Result
Fix a rational prime p. Let Zp be the ring of p-adic integers and νp the discrete
p-adic valuation associated to p. Extend νp to the ring Zp[X ] by defining the p-adic val-
uation of a polynomial in Zp[X ] as the minimum of the p-adic valuation of its coefficients.
For a polynomial P (X) ∈ Zp[X ], denote by P (X) the reduction of P (X) modulo p. Let
φ(X) ∈ Zp[X ] be a fixed monic polynomial whose reduction modulo p is irreducible and
Fφ := Zp[X ]/(p, φ(X)) (∼= Fpdeg(φ)) be the finite field defined by p and φ(X).
Let red : Zp[X ] → Fφ the canonical projection. For a monic polynomial F (X) ∈ Zp[X ],
let
F (X) = a0(X)φ(X)
l + a1(X)φ(X)
l−1 + · · ·+ al−1(X)φ(X) + al(X)
be the φ-adic expansion of F (X) in Zp[X ]. So ai(X) ∈ Zp[X ] and deg(ai(X)) < deg(φ(X))
for all i. Set sF = s = max{0 ≤ i ≤ l | νp(ai(X)) = 0}. We then have the following two-case
setup:
Case 1. φ(X) divides F (X): In this case s < l. Set λF = λ = νp(al(X))/(l − s). Note
that λ is the slope of the line joining the two points (s, 0) and (l, νp(al(X))) in the Eu-
clidean plane. We say here that F satisfies the Lφ,λ property if νp(ai+s(X))/i ≥ λ for every
i = 1, . . . , l − s. Let d = gcd(νp(al(X)), l − s), e = (l − s)/d, and h = νp(al(X))/d. Notice
that e and h are the unique positive coprime integers such that λ = h/e. If F satisfies the
Lφ,λ property, then set t
∗
j = red(aj+s(X)/p
⌊jλ⌋) for j = 0, . . . , l− s. Since νp(aj(X)) ≥ jλ for
all such j, it follows that if jλ 6∈ Z, then t∗j = 0. Noticing that jλ ∈ Z if and only if j ∈ eZ,
we set ti = red(aie+s(X)/p
ih) for i = 0, . . . , d and define the φ-residual polynomial attached
to F by Fφ(Y ) =
∑d
i=0 tiY
d−i ∈ Fφ[Y ]. Note that ti 6= 0 if and only if νp(aie+s(X)) = ih. In
particular, t0 is never 0 and, thus, deg(Fφ(Y )) = d.
Case 2. φ(X) does not divide F (X): In this case s = l. Set λF = λ = 0, d = l, and e = 1.
Here we say that F always satisfies the Lφ,λ property. For i = 0, . . . , l, set ti = red(ai(X))
and define the residual polynomial attached to F by Fφ(Y ) =
∑l
i=0 tiY
l−i ∈ Fφ[Y ].
We now set up the notations and assumptions for our main theorem. Let F (X) ∈ Z[X ] be
a monic irreducible polynomial, α a complex root of F , K = Q(α), ZK the ring of integers of
K, and F (X) =
∏r
i=1 φ
li
i (X) modulo p, where φi(X) are all monic and irreducible. For each
i = 1, . . . , r, let F (X) =
∑Li
j=0 ai,j(X)φ
Li−j
i (X) be the φi-adic expansion of F (X) in Z[X ],
where φi(X) ∈ Z[X ] is a monic lift of φi(X). Set sF,i = max{j = 0, . . . , Li | νp(ai,j(X)) = 0},
λi = νp(ai,Li(X))/(Li− sF,i), mi = deg(φi(X)), and di = gcd(νp(ai,Li(X)), Li− sF,i). We see
that sF,i < Li for each i as φi(X) divides F (X). So whenever the property Lφ,λ is mentioned
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in the sequel, we are referring only to case 1 above. It should not cause any confusion,
though, that instead of using the notation sF,i, we will use sF (or even s) when φi (or φi and
F ) are clear in the context.
Given the above notations, assumptions, and terminology, K-K’s result
([5, Theorem 1.1]), which we seek to improve here, can be reformulated (in our context
of number fields) as follows:
If for every i = 1, . . . , r, F (X) satisfies the Lφi,λi property and di = 1 (or, equivalently,
Fφi(Y ) is linear), then there are exactly r valuations w1, . . . , wr of K extending νp. Moreover,
the respective ramification indices and residue degrees of these valuations are e(wi) = li and
f(wi) = mi.
Our main result, Theorem 2.1 below, relaxes the linearity of Fφi(Y ) and, further, spec-
ifies the ramification indices and residue degrees of the valuations wi’s in such a way that
generalizes K-K’s result.
Theorem 2.1. Keep the notations, assumptions, and terminology as above. For i = 1, . . . , r,
suppose that either
(i) li = 1, or
(ii) li ≥ 2, F (X) satisfies the Lφi,λi property, and Fφi(Y ) is irreducible.
Then there are exactly r valuations w1, . . . , wr of K extending νp. Furthermore, for each
i = 1, . . . , r, the ramification index of wi is e(wi) = li/di and its residue degree is f(wi) = midi.
In remark (1-a) of Subsection 5.1, we emphasize the necessity of F satisfying the Lφi,λi
property above for all i = 1, . . . , r in order to get exactly r valuations w1, . . . , wr of K
extending νp. Besides, Theorem 2.1 helps in giving a new, easier proof of K-K’s result of [4]
(see remark (3) of Subsection 5.1).
3. Lemmas
Recall that if (L, ν) is a valued field and (Lˆ, νˆ) is its ν-adic completion, then the separable
closure Lh of L in Lˆ is called a Henselization of L with respect to ν (see [6, Chapter II -
§6]). Denote by νh the restriction to Lh of the unique extension of ν to the algebraic closure
of Lh.
Lemma 3.1. ([5, Thoerem 2.D.]) Let (L, ν) be a valued field, L(θ) an algebraic extension
of L, F (X) the minimal polynomial of θ over L, and Lh the Henselization of L in Lˆ. Then,
the valuations w1, . . . , wt of L(θ) extending ν are in one-to-one correspondence with the
irreducible factors F1(X), . . . , Ft(X) of F (X) in Lh[X ]. Moreover, the valuations wi are
defined precisely by
wi(
∑
j
ajθ
j) = νh(
∑
j
ajθ
j
i )
for any root θi of Fi(X) and aj ∈ L.
We note on passing that since Q is of characteristic zero, the factorizations in Qh[X ] and
in Qp[X ] of a polynomial with integer coefficients are the same.
Throughout this section, let p ∈ Z be a fixed prime, Zp the ring of p-adic integers,
f(X), g(X), φ(X) ∈ Zp[X ] be all monic, and
f(X) =
l1∑
i=0
ai(X)φ(X)
l1−i and g(X) =
l2∑
i=0
bi(X)φ(X)
l2−i
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the φ-adic expansions of f and g in Zp[X ].
The following lemma gives a procedure to compute the φ-adic expansion of the product
fg(X) .
Lemma 3.2. The φ-adic expansion of the product fg(X) in Zp[X ] is given by the following
steps:
(1) Let l = l1 + l2 and, for each k = 0, . . . , l, set ck(X) =
∑k
i=0 ai(X)bk−i(X), where
ai(X) = 0 for i > l1 and bj(X) = 0 for j > l2.
(2) For each k = 0, . . . , l, use the Euclidean algorithm to find Qk(X) and Rk(X) in Zp[X ]
such that ck(X) = φ(X)Qk(X) +Rk(X), where Rk(X) = 0 or deg(Rk(X)) < deg(φ(X)).
(3) Set Al(X) = Rl(X), and for each k = 0, . . . , l−1, set Ak(X) = Qk+1(X)+Rk(X). Fur-
thermore, if deg(a0b0(X)) < deg(φ(X)), then set A−1(X) = 0; otherwise set A−1(X) = Q0(X).
(4) Conclude that fg(X) =
∑l
k=−1Ak(X)φ(X)
l−k is the φ-adic expansion of fg(X).
Proof. It is clear that fg(X) = c0(X)φ(X)
l + · · · + cl(X). It is, however, not guaranteed
that deg(ck(X)) < deg(φ(X)) for k = 0, . . . , l. So it suffices to make the Euclidean division
ck(X) = φ(X)Qk(X) + Rk(X), keep the remainder for the k
th coefficient and transfer the
quotient to the (k − 1)st coefficient. 
Remark. Note that for k = 0, . . . , l, νp(ck(X)) ≥ min{νp(Qk(X)), νp(Rk(X))}. But as
Qk(X) and Rk(X) are respectively the quotient and the remainder resulting from the Eu-
clidian division of ck(X) by a monic polynomial, we indeed have
νp(ck(X)) = min{νp(Qk(X)), νp(Rk(X))}.
Lemma 3.3. Assume that φ(X) is irreducible, φ(X) does not divide g(X) modulo p, and
f(X) is a power of φ(X) modulo p. Then f(X) satisfies the Lφ,λf property if and only
if fg(X) satisfies the Lφ,λf property. If any of these equivalent conditions holds, then
(fg)φ(Y ) = cfφ(Y ) for some nonzero constant c ∈ Fφ.
Proof. Following the notations of Lemma 3.2, consider ck, Qk, Rk, and Ak. As f(X) is a
power of φ(X), a0(X) = 1, νp(ai(X)) > 0 for all i = 1, . . . , l−1, and f(X) = φ(X)
l1 modulo
p. Thus sf = 0 and λf = νp(al1(X))/l1. On the other hand, since φ(X) does not divide
g(X), νp(bl2(X)) = 0.
Assume now that f satisfies the Lφ,λf property. So νp(ai(X)) ≥ iλf for i = 1, . . . , l1.
Set cl2(X) = a0(X)bl2(X) +
∑l2
i=1 ai(X)bl2−i(X) where, for i > l1 (if any), ai(X) = 0 (and
hence νp(ai(X)) = ∞ for all such i). Then νp(cl2(X)) = 0 since νp(a0(X)bl2(X)) = 0 and
νp(ai(X)bl2−i(X)) ≥ νp(ai(X)) ≥ iλf > 0 for i = 1, . . . , l2. Moreover, φ(X) ∤ a0(X)bl2(X) be-
cause φ(X) is irreducible and both deg(a0(X)), deg(bl2(X)) < deg(φ(X)). Since
cl2(X) = a0(X)bl2(X) modulo p, it thus follows that Rl2(X) 6= 0 modulo p. Thus,
νp(Rl2(X)) = 0, νp(Al2(X)) = 0, and sfg = l2.
For i = 1, . . . , l1, we can write cl2+i(X) =
∑l2
j=0 ai+j(X)bl2−j(X). As, for j = 1, . . . , l2,
νp(ai+j(X)) ≥ (i + j)λf , it follows that νp(cl2+i(X)) ≥ iλf , νp(Ql2+i(X)) ≥ iλf , and
νp(Rl2+i(X)) ≥ iλf . Therefore, νp(Al2+i(X)) ≥ iλf > 0 and, thus, sfg = l2. To prove
that fg satisfies the Lφ,λf property, it remains to show that λf = νp(Al)/l1. Note that
cl(X) = al1(X)bl2(X) = φ(X)Ql(X) + Al(X). Since
νp(Ql(X)) ≥ l1λf and νp(cl(X)) = νp(al1(X)bl2(X)) = νp(al1(X)) = l1λf ,
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we have the equality cl(X)/p
l1λf = φ(X)Ql(X)/p
l1λf + Al(X)/p
l1λf in Zp[X ]. So,
Al(X)/p
l1λf 6= 0 modulo p as νp(cl(X)/p
l1λf ) = 0 and φ(X) ∤ cl(X)/p
l1λf . Hence,
νp(Al(X)) = l1λf and, therefore, fg satisfies the Lφ,λf property.
Conversely, let λ = νp(al1(X))/l1, and assume that fg(X) satisfies the Lφ,λ property.
As a0(X) = 1, c0(X) = a0(X)b0(X) = b0(X), and deg(b0(X)) < deg(φ(X)), the quotient
Q0(X) = 0. So A−1(X) = Q0(X) = 0. Since cl2(X) = a0(X)bl2(X) +
∑l2
i=1 ai(X)bl2−i(X), it
follows that νp(
∑l2
i=1 ai(X)bl2−i(X)) ≥ 1 (as νp(ai(X)) > 0 for i = 1, . . . , l2), and
νp(a0(X))+νp(bl2(X)) = 0, νp(cl2(X)) = 0. It also follows that νp(Al2(X)) = 0. On the other
hand, for i ≥ 1, νp(cl2+i(X)) ≥ 1 as cl2+i(X) =
∑l2+i
j=i aj(X)bl2+i−j(X) and νp(aj(X)) ≥ 1 for
j ≥ i ≥ 1. It thus follows that νp(Al2+i(X) ≥ 1 for i ≥ 1. Hence,
sfg = max{0 ≤ i ≤ l | νp(Ai(X)) = 0} = l2.
Assume that νp(ai(X)) < iλ for some 1 ≤ i ≤ l1 such that; let i0 be the maximum such
index. Consider cl2+i0(X) = ai0(X)bl2(X) +
∑
i≥i0+1
ai(X)bl2−i(X). Then νp(cl2+i0(X)) < i0λ,
νp(Al2+i0(X)) < i0λ and fg(X) does not satisfy the Lφ,λ property. Hence, νp(ai(X)) ≥ iλ
for all i = 1, . . . , l1, and f(X) satisfies the Lφ,λ property.
Now assume that one of the above conditions holds. Let d = gcd(νp(al1(X)), l1), e = l1/d,
h = νp(al1(X))/d, and λ = νp(al1(X))/l1 = h/e. For every i = 0, . . . , d,
Al2+ie(X)/p
ih ≡ Rl2+ie(X)/p
ih +Ql2+ie+1(X)/p
ih ≡ Rl2+ie(X)/p
ih (mod p)
(because νp(Ql2+ie+1(X)) > ieλ = ih). Moreover,
Rl2+ie(X)/p
ih ≡ cl2+ie(X)/p
ih − φ(X)Ql2+ie(X)/p
ih ≡ cl2+ie(X)/p
ih (mod (p, φ)).
So, Al2+ie(X)/p
ih ≡ cl2+ie(X)/p
ih (mod (p, φ)). Using the expression of cl2+ie(X), we have
cl2+ie(X)/p
ih ≡ bl2(X)aie(X)/p
ih (mod p) and Al2+ie(X)/p
ih ≡ bl2aie(X)/p
ih (mod (p, φ)).
Therefore, (fg)φ(Y ) = cfφ(Y ), where c = red(bl2(X)). 
Lemma 3.4. If fg(X) is a power of φ(X) modulo p and φ(X) is irreducible, then fg
satisfies the Lφ,λ property if and only if both f and g satisfy the same Lφ,λ property, where
λ = λfg = λf = λg. Moreover, (fg)φ(Y ) = fφ(Y )gφ(Y ) if either of these two equivalent
conditions holds.
Proof. Consider the φ-adic expansions of f , g, and fg as in Lemma 3.2. Assume that
fg(X) satisfies the Lφ,λ property, where λ = νp(Al(X))/l. Since f(X), g(X), and φ(X)
are monic, νp(a0(X)) = νp(b0(X)) = 0. Let λ1 = min{νp(ai(X))/i | i = 1, . . . , l1} and
λ2 = min{νp(bi(X))/i | i = 1, . . . , l2}. We claim that λ = λ1 = λ2. Suppose that λ1 < λ2,
and let i0 = min{ i | νp(ai(X))/i = λ1}. Consider ci0(X) = ai0(X)b0(X)+ · · ·+ a0(X)bi0(X).
Then νp(ai0(X)b0(X)) = νp(ai0(X)) + νp(b0(X)) = i0λ1 and, for j = 1, . . . , i0,
νp(ai0−j(X)bj(X)) = νp(ai0−j(X)) + νp(bj(X)) ≥ (i0 − j)λ1 + jλ2 > i0λ1
(as λ2 > λ1). So νp(ci0(X)) = i0λ1. Now φ(X) ∤ (ai0(X)b0(X)/p
i0λ1) because
νp(ai0(X)) = i0λ1, φ(X) ∤ (ai0(X)/p
i0λ1), φ(X) ∤ b0(X), and φ(X) is irreducible. So
φ(X) ∤ (ci0(X)/p
i0λ1) and, thus, Ri0(X)/p
i0λ1 6≡ 0 (mod p). Therefore, νp(Ri0(X)) = i0λ1.
Now, for i = 1, . . . , l1, ci(X) = ai(X)b0(X) +
∑i
j=1 aj(X)bi−j(X). As, for 1 ≤ j ≤ i,
νp(aj(X)bi−j(X) ≥ jλ1 + (i− j)λ2 ≥ jλ1 + (i− j)λ1 = iλ1,
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we have νp(ci(X)) ≥ νp(ai(X)b0(X)) ≥ iλ1. Thus, νp(Qi0+1(X)) ≥ (i0 + 1)λ1. Moreover,
since Ai0(X) = Ri0(X) + Qi0+1(X), νp(Ai0(X)) = νp(Ri0(X)) = i0λ1. So i0λ1 ≥ i0λ and
λ1 ≥ λ. We now have
νp(cl(X)) = νp(al1(X)) + νp(bl2(X)) ≥ l1λ1 + l2λ2 > l1λ1 + l2λ1 = lλ1 ≥ lλ.
It then follows from νp(cl(X)) = min{νp(Rl(X)), νp(Ql(X))} > lλ and Al(X) = Rl(X) that
νp(Al(X)) > lλ. This is a contradiction, as fg(X) satisfies the Lφ,λ property. Similarly,
assuming λ1 < λ2 would yield a contradiction. Hence λ1 = λ2.
We now show that λ = λ1 = λ2. Let
i0 = max{ i | νp(ai(X))/i = λ1} and j0 = max{ j | νp(bj(X))/j = λ2}.
Consider ci0+j0(X) = a0(X)bi0+j0(X) + · · · + ai0(X)bj0(X) + · · · + ai0+j0(X)b0(X). It then
follows that
νp(ci0+j0(X)) = νp(ai0(X)bj0(X)) = i0λ1 + j0λ2 = (i0 + j0)λ1
and that (i0 + j0)λ1(= νp(Ai0+j0(X))) is an integer. Dividing now by p
(i0+j0)λ1 yields
νp(Ri0+j0(X)) = (i0 + j0)λ1 and νp(Ai0+j0(X)) = (i0 + j0)λ1. But as fg satisfies the
Lφ,λ property, we have νp(Ai0+j0(X)) ≥ (i0 + j0)λ. So, λ ≤ λ1. On the other hand, as
lλ = νp(Al(X)) = νp(Rl(X)) = νp(cl(X)) = νp(al1(X)) + νp(bl2(X)) ≥ l1λ1 + l2λ2 = lλ1, we
have λ = λ1 as desired.
Now, we have νp(al1(X)) + νp(bl2(X)) = lλ = l1λ + l2λ = l1λ1 + l2λ2, νp(al1(X)) ≥ l1λ1,
and νp(bl2(X)) ≥ l2λ2. Thus νp(al1(X)) = l1λ1 = l1λ and νp(bl2(X)) = l2λ2 = l2λ. Hence
both f and g satisfy the Lφ,λ property.
Conversely, assume that f and g satisfy the same condition Lφ,λ. Then for every i,
νp(ai(X)) ≥ iλ and νp(bi(X)) ≥ iλ. Let i := 1, . . . , l−1. Since ci(X) =
∑i
k=1 ak(X)bi−k(X),
νp(ci(X)) ≥ (k + i − k)λ ≥ iλ. Now, the facts that Ai(X) = Ri(X) + Qi+1(X),
νp(Ri(X)) ≥ iλ, and νp(Qi+1(X)) ≥ (i + 1)λ imply that νp(Ai(X)) ≥ iλ. As for i = l,
we have νp(cl(X)) = νp(al1(X)) + νp(bl2(X)) = (l1 + l2)λ = lλ. Moreover, since φ(X) does
not divide cl(X)/p
νp(cl(X)), the remainder Rl(X)/p
νp(cl(X)) 6≡ 0 (mod p) and
νp(Al(X)) = νp(Rl(X)) = νp(cl(X)) = lλ.
Hence, fg satisfies the same Lφ,λ property.
As in the proof of Lemma 3.3, since νp(Qei+1(X)) > eiλ ≥ ih for each i = 0, . . . , d, it
follows that
Aei(X)/p
ih ≡ Rei(X)/p
ih ≡ cei(X)/p
ih ≡
∑
k+j=i
ak(X)bj(X)/p
kh+jh (mod (p, φ)).
But as ak(X)/p
kλ bj(X)/p
ieλ ≡ 0 (mod p) when k or j is not a multiple of e, we have
Aei(X)/p
iλ ≡ cei(X)/p
ieλ ≡
∑
k+j=i aek(X)/p
kh bej(X)/p
jh (mod (p, φ)). This yields
(fg)φ(Y ) = fφ(Y )gφ(Y ). 
Lemma 3.5. Let φ(X) be irreducible modulo p, f(X) congruent to a power of φ(X), and
f(X) satisfies the Lφ,λ property. If fφ(Y ) is irreducible in Fφ[Y ], then f(X) is irreducible in
Zp[X ].
Proof. Suppose that f(X) factors in Zp[X ] as f(X) = g(X)h(X) such that g(X) and h(X)
are nonconstant. Then by Lemma 3.4, both of g(X) and h(X) satisfy the same condition
Lφ,λ and fφ(Y ) = gφ(Y )hφ(Y ), where gφ(Y ) and hφ(Y ) are nonconstant as their respective
degrees are positive. So fφ(Y ) is not irreducible in Fφ[Y ], a contradiction. 
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Lemma 3.6. Let f(X) be irreducible. Then f(X) is a power of an irreducible polynomial
φ(X) modulo p and f(X) satisfies the Lφ,λ property.
Proof. Suppose that f(X) = F1(X)F2(X) modulo p such that F1(X) and F2(X) are non-
constant polynomials coprime modulo p. Then by Hensel’s lemma, f(X) = f1(X) f2(X) in
Zp[X ] where fi is a left of Fi for i = 1, 2. This contradicts the irreducibility of f(X) in Zp[X ].
Therefore, f(X) is congruent to a power of an irreducible polynomial φ(X) modulo p. Let
α be a root of f(X) in some extension of Qp, g(X) = X
n + b1X
n−1 + · · ·+ bn ∈ Zp[X ] the
minimal polynomial of φ(α) over Qp, and G(X) = g(φ(X)) ∈ Zp[X ]. Let L be the splitting
field of g(X), ZL its ring of integers, p the maximal ideal of ZL, and u = νp(φ(α)). Using the
symmetric formulas relating the roots and coefficients of g(X) and the fact that the p-adic
valuation is invariant under Galois actions, we have νp(bn) = nu and νp(bi) ≥ iu for every
i = 1, . . . , n − 1. Setting λg = νp(bn)/n, we see that λg = u/e(p) as νp(bn) = νp(bn)e(p),
where e(p) is the ramification index of p over p. So νp(bi) ≥ i(u/e(p)) ≥ iλg for every
i = 1, . . . , n − 1. It follows that g(X) satisfies the LX,λg property, and so does G(X). Fur-
thermore, G(X) is congruent to φ(X)n modulo p. Since G(α) = 0, f(X) divides G(X)
over Zp. It then follows from Lemma 3.4 that f(X) satisfies the property Lφ,λg as well and
λg = λ. 
Lemma 3.7. Let f(X) be irreducible, α a root of f(X), K = Qp(α), ZK the ring of integers of
K, and p the maximal ideal of ZK. Assume that φ(X) is irreducible modulo p such that f(X)
is a power of φ(X). Then there is only one valuation w of K extending νp, and, for every
P (X) ∈ Zp[X ], w(P (α)) ≥ νp(P (X)), where equality holds if and only if φ(X) ∤ (P (X)/p
v)
modulo p, where v = νp(P (X)).
Proof. Since f(X) is irreducible over Qp, Lemma 3.1 implies that there is only one valuation
w of K extending νp. Consider the Fp-algebra homomorphism ψ : Fp[X ] → ZK/p defined
by g(X) 7→ g(α). Since φ(X) is the minimal polynomial of α over Fp, Kerψ is the principal
ideal of Fp[X ] generated by φ(X). Now for P (X) ∈ Zp[X ], it is clear that P (X)/p
v ∈ Zp[X ],
where v = νp(P (X)). Since, further, α ∈ ZK, P (α)/p
v ∈ ZK. So w(P (α)/p
v) ≥ 0 and, thus,
w(P (α)) ≥ w(pv) = v. If w(P (α)) > v, then P (α)/pv ≡ 0 (mod p) and P (α)/pv ∈ Kerψ,
which implies that φ(X) divides P (X)/pv. 
4. Proof of Theorem 2.1
Proof. (Theorem 2.1)
It follows from Hensel’s lemma that F (X) =
∏r
i=1 fi(X), where fi(X) ∈ Zp[X ] are distinct
monic polynomials and, for each i = 1, . . . , r, fi(X) = φi(X)
li modulo p for some monic
irreducible polynomial φi(X). By Lemma 3.1, in order to have exactly r valuations of K
extending νp, it suffices to show that each fi(X) is irreducible over Qp. If li = 1 for some
i, then fi(X) is irreducible modulo p and, hence, fi(X) is irreducible over Qp. On the
other hand, if li ≥ 2 for some i, then let F (X) = fi(X)gi(X), where gi(X) =
∏
j 6=i fj(X).
Note that φi(X) does not divide gi(X), fi(X) is a power of φi(X), and F (X) satisfies the
Lφi,λi property. It thus follows from Lemma 3.3 that fi(X) satisfies the Lφi,λi property and
fiφi(Y ) = ciFφi(Y ) for some nonzero ci ∈ Fφi. Since Fφi(Y ) is irreducible, so is fiφi(Y ).
Then, by Lemma 3.5, fi(X) is irreducible over Qp. We, therefore, conclude that there are
exactly r valuations w1, . . . , wr of K extending νp.
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We now calculate the ramification index and residue degree of each wi. To simplify nota-
tion, fix some i = 1, . . . , r and set f(X) = fi(X), φ(X) = φi(X), l = li, m = mi, d = di, and
w = wi. Let α be a root of f(X), K = Qp(α) the local field defined by f(X), ZK its ring of
integers, and p the unique prime ideal of ZK. Since f(X) is congruent to φ(X)
l modulo p,
the φ-adic expansion of f(X) over Zp has the form
f(X) = φ(X)l + a1(X)φ(X)
l−1 + · · ·+ al−1(X)φ(X) + al(X),
where, for j = 1, . . . , l− 1, νp(aj(X)) > jλ, λ = v/l, and v = νp(al(X)). Set α := α modulo
p. Since φ(X) is the minimal polynomial of α over Fp and φ(X) does not divide al(X)/p
ν, it
follows from Lemma 3.7 that v = w(al(α)) = lλ. We now claim that w(φ(α)) = λ. Note that
as f(X) satisfies the Lφ,λ property, νp(aj(X)) ≥ jλ for j = 1, . . . , l − 1. So w(aj(α)) ≥ jλ
(from Lemma 3.7). Thus, for j = 1, . . . , l − 1, w(aj(α)φ(α)
l−j) ≥ jλ + (l − j)u, where
u = w(φ(α)). If u 6= λ, then it follows from the φ-adic expansion of f(X) over Zp that
w(f(α)) = min(lu, lλ), which is impossible since w(f(α)) =∞. Thus, u = λ as claimed.
We now show that the value group of w is Z[λ], the subgroup of Q generated by 1 and λ.
For P (X) ∈ Z[X ], let the φ-adic expansion of P (X) be
P (X) = g0(X)φ
l(X) + g1(X)φ
l−1(X) + · · ·+ gl−1(X)φ(X) + gl(X).
Since w(φ(α)) = λ, it follows that, for each j = 0, . . . , l, w(gj(α)φ
l−j(α)) = nj+(l−j)λ, where
nj = w(gj(α)) ∈ Z. Thus, w(P (α)) ∈ Z[λ]. As every element of K is of the form P (α)/Q(α)
for some P (X), Q(X) ∈ Z[X ], the value group of w is thus Z[λ]. So, the ramification index
e(w) is the index [Z[λ] : Z], which is the order of λ in Q/Z and is equal to e = l/d. As νp
is discrete, the residue degree is f(w) = deg(f)/e(w) = lm/e(w) = md. The proof is now
complete.

5. Remarks and Examples
5.1. Remarks.
(1) It is worthwhile to consider the possibility of a converse of Theorem 2.1. Sub-remark
(b) below shows that this is not possible. However, sub-remark (a) below further
specifies which of the sufficient conditions is really necessary.
(a) If there exist exactly r valuations w1, . . . , wr of K extending νp, then fi(X) is
irreducible in Qp[X ] for every i = 1, . . . , r. So, by Lemma 3.6, fi satisfies the
Lφi,λi property and, thus, so does F (by Lemma 3.3). This shows that in order
to have exactly r valuations w1, . . . , wr of K extending νp, the requirement that
F (X) satisfies the Lφi,λi property for each i = 1, . . . , r is necessary for a possible
converse of Theorem 2.1.
(b) Let a, b ∈ Z be such that a ≡ 0 (mod 16), a 6≡ 0 (mod 32), and b ≡ 4 (mod 32).
This in particular implies that ν2(a) = 4 and ν2(b) = 2. Assume further that
the polynomial F (X) = X4 + aX + b is irreducible over Z. Let α be a complex
root of F (X) and K = Q(α). Then F (X) ≡ X4 (mod 2), F (X) satisfies the
LX,1/2 property, and FX(Y ) = (Y + 1)
2 (which is reducible over FX ∼= F2).
Let A,B ∈ Z be such that a = 16A (so 2 ∤ A) and b = 4 + 32B. Set
ǫ = (α2 + 2α + 2)/4, and let lǫ be the multiplication-by-ǫ endomorphism of
K. Then P (X) = X4 − 2X3 + CX2 +DX +E is the characteristic polynomial
of lǫ, where C = 4B+6A+2, D = −(4A
2+4A+4B), and E = 4B2−4AB+2A2.
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Since 2 divides all the coefficients of P (X) except the leading one and 22 ∤ E,
P (X) is 2-Eisenstein and hence irreducible in Z[X ]. So ǫ ∈ ZK and K = Q(ǫ).
Now P (X) ≡ X4 (mod 2) and M(X) = (P (X)−X4)/2. So,
M(X) = −X3 + (2B + 3A + 1)X2 − (2A2 + 2A + 2B)X + (2B2 − 2AB + A2).
Since 2 ∤ A, A ≡ 1 (mod 2) and M(X) ≡ −X3 + 1 (mod 2). So X ∤ M(X)
modulo 2. Thus, by Dedekind’s criterion, 2 does not divide ind(ǫ) and, there-
fore there is only one valuation w of K extending ν2 with ramification index
e(w) = 4 and residue degree f(w) = 1. So, the conclusion of Theorem 2.1 holds
despite that some Fφi(Y ) is not irreducible. So the requirement that Fφi(Y ) be
irreducible for all i = 1, . . . , r is not necessary for a possible converse of Theorem
2.1.
(2) For every i = 1, . . . , r, consider the φi-adic expansion
F (X) = ai,0(X)φi(X)
Li + · · ·+ ai,Li(X).
Assume that F (X) satisfies the Lφi,λi property for every i, where λi = νp(ai,Li(X))/li.
If li is the order of λi in the group Q/Z, then νp(ai,Li(X)) and li are coprime. So
di = 1 and, thus, Fφi(Y ) is irreducible (as it is linear). It follows that Theorem 2.1
generalizes [5, Theorem 1.1] in the context of number fields.
(3) We give here an easier proof of [4, Theorem 1.1] in the case that the ring is Z. Assume
that for every i = 1, . . . , r, pi = (p, φi(α)), f(pi) = deg(φi), and e(pi) = li. We show
that p ∤ ind(α).
On the one hand, if every li = 1, then (by Dedekind’s criterion) p ∤ ind(α). On the
other hand, if li ≥ 2 for some i = 1, . . . , r, then it follows that hi := νpi(φi(α)) = 1
(because φi(α) is a generator of pi). As e(pi) = li, di = 1. We need now to show that
the conditions of Dedekind’s criterion are satisfied in this case. Let
F (X) = a0(X)φ
Li
i (X) + · · ·+ asi(X)φ
li
i (X) + · · ·+ aLi(X)
be the φi-adic expansion of F (X). Let Qi(X) = a0(X)φ
Li−li
i (X) + · · ·+ asi(X) and
Ri(X) = asi+1(X)φ
li−1
i (X) + · · ·+ aLi(X). Then F (X) = Qi(X)φ
li
i (X) +Ri(X). As
F (X) ≡
∏r
i=1 φ
li
i (X) (mod p), it follows that Ri(X) ≡ 0 (mod p) and
Qi(X) ≡
∏
j 6=i φ
lj
j (X) (mod p). Thus, νp(asi+k(X)) ≥ 1 for every k = 1, . . . , li,
and there exists some Hi(X) ∈ Z[X ] such that Qi(X) =
∏
j 6=i φ
lj
j (X) + pHi(X). If
we let M(X) = (F (X)−
∏r
i=1 φ
li
i (X))/p, then we have
M(X) = Hi(X)φ
li
i (X) + (asi+1(X)φ
li−1
i (X) + · · ·+ aLi(X))/p.
As di = hi = 1, νp(aLi(X)) = 1. So p does not divide aLi(X)/p and, therefore, φi(X)
does not divide M(X). Hence, p ∤ ind(α).
5.2. Examples. The following two examples are to emphasize the advantage of the test of
Theorem 2.1 over the test of K-K’s result. The third example presents a situation where
Theorem 2.1 is not applicable, yet remark (1-a) of Subsection 5.1 turns out to be useful in
some sense.
Example 1:
Let F (X) = X7 + 3X5 + 18X4 + 9X3 + 6X2 + 48X + 24. It is clear that F (X) is
3-Eisenstein and, so, is irreducible over Z. LetK = Q(α), where α is a complex root of F (X).
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We want to see how ν2 extends to K. Note first that F (X) ≡ X
3(X2 + X + 1)2 (mod 2).
Let φ1(X) = X and φ2(X) = X
2 +X + 1. Then
F (X) = φ1(X)
7 + 3φ1(X)
5 + 18φ1(X)
4 + 9φ1(X)
3 + 6φ1(X)
2 + 48φ1(X) + 24
= (X − 3)φ2(X)
3 + (6X + 17)φ2(X)
2 − (28X + 14)φ2(X) + (58X + 24).
It can be easily checked that F (X) satisfies the Lφi,λi property for i = 1, 2, where λ1 = 1
and λ2 = 1/2. For i = 1, we have ν2(a1,7(X)) = ν2(24) = 3, s1 = 4, and so d1 = 3.
Moreover Fφ1(Y ) = Y
3 + Y 2 + 1, which is irreducible over Fφ1
∼= F2. For i = 2, as
ν2(a2,4(X)) = ν2(58 + 24) = 1, d2 = 1 and thus Fφ2(Y ) is linear and, thus, irreducible
over Fφ2
∼= F4. It now follows from Theorem 2.1 that there are exactly two valuations w1
and w2 extending ν2 to K with e(w1) = 1, f(w1) = 3, e(w2) = 2, and f(w2) = 2.
Example 2:
Let F (X) = X6+36X3+48. It is clear that F (X) is 3-Eisenstein and, so, is irreducible over
Z. Let K = Q(α) where α is a complex root of F (X). We want to see how 2 factors in ZK .
We can see that F (X) ≡ X6 (mod 2). Let φ(X) = X ; then F (X) = φ(X)6 + 36φ(X)3 + 48.
It can be easily checked that F (X) satisfies the Lφ,λ property, where λ = 2/3. Since
ν2(a6(X)) = ν2(48) = 4 and s = 0, d = 2. It can be checked that Fφ(Y ) = Y
2 + Y + 1,
which is irreducible over Fφ ∼= F2. It thus follows from Theorem 2.1 that there is only one
valuation w of K extending ν2, e(w) = 3, and f(w) = 2.
Example 3:
Let F (X) = X9 + 48X7 + 6X6 + 24X5 + 12X4 + 3X3 + 18X2 + 6X + 12. It is clear that
F (X) is 3-Eisenstein and, so, is irreducible over Z. We can see that
F (X) ≡ X3(X − 1)2(X2 +X + 1)2 (mod 2).
Letting φ(X) = X , we see that
F (X) = φ(X)9+48φ(X)7+6φ(X)6+24φ(X)5+12φ(X)4+3φ(X)3+18φ(X)2+6φ(X)+12,
s = 6 and, thus, λ = 2/3. As ν2(a8(X)) = 1, we have ν2(a8(X))/2 = 1/2 < 2/3 and,
therefore, F (X) does not satisfy the Lφ,λ property. So, in fact, Theorem 2.1 cannot be used
here. But at least we know from remark (1-a) of Subsection 5.1 that the number of distinct
valuations of K extending ν2 is certainly more than 3.
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